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A METHOD OF TEACHING BASIC CRYSTALLOGRAPHY
TO THE BEGINNING STUDENT
Robert J. Willard
University of Arkansas
The first student encounter with basic crystallography occurs
in the sophomore-level course, Mineralogy, in the Geology Depart-
ment at the University of Arkansas. The study of crystallography
at this level consists predominantly ofgeometrical concepts, which
I!
grouped underthe followingequivalent names: geometrical crys-
lographyor external crystal morphology or point-group symmetry,
derclass men generally have little or no background from previous
ining to meet the challenge of this first encounter. Those stu-
lts whoare most adequately prepared to do so and who most readily
sp the fundamentals of crystallography are those who, at some-
ie early in their academic pursuits , have completed secondary
100I orcollege courses such as plane and spherical trigonometry,
scriptive geometry, analytic geometry, engineering drawing, and
ebra. The discipline of such courses necessarily stimulates anc
uires thinking in three dimensions , and with or without suitable
:kground, each student soon discovers that he must master this
se-dimensional thinking process.
I
Although there is no standard outline or procedure followed in
ipresentation of basic crystallography, according to the most re-
nt textbooks in the field of mineralogy (cf., 1, 4, 5, 6) and to
ler specialized or advanced texts (e.g. , 2, 3, 9), the most suc-
ssful approach seems to involve the following sequence of con-
pts, based upon trial and error over three years of teaching.
1. The use of geometric biaxialand triaxial coordinate systems
and associated equations for locating points and planes in
space.
2. The linear elements of crystallography.
3. Millerand Bravais indices.
4. Law of Rational indices .
5. Law of the Constancy of Interfaclal Angles, and use of the
Penfield goniometer.
6. The Hauy-Donnay Rule.
7. The concept of symmetry through study of the cube , to be
used as a means of introducing the symmetry elements of
crystallography .
8. Hermann- Mauguin symbols .
9. The Zone Law.
10. The spherical and stereographic projections.
H. The Law of Symmetry.
12. Holohedral , enantiomorphic, and hemihedral forms, based
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upon the concept of the fundamental form.
13. The trlaxial crystal systems.
14. The tetra-axial crystal systems.
Discussion of the meaning and use of forms,and the triaxlaland
tetra-axial crystal systems ,is adequately presented in recent text-
books (ref. Literature Cited) and will, therefore, be omitted from
this paper.
Some fundamentals of analytic geometry constitute a useful ave-
nue of approach to the linear elements of crystallography. For ex-
ample, in the two-coordinate system, xandy, one variable is a
linear function of the other ifboth are connected by an equation of
the first degree.
y = mx +b (1)>r point in this system has the coordinates, (±x,iy), Inthe3e-coordinate system, x, y, and z, both points and planes may
located by,
a. Coordinates of a point, as(±x,±y,±z)
b. Intercepts of a plane on the reference axes, x,y, and z.
Is
equation representing the plane is defined in terms of a normal
that plane, providing that the normal passes through the origin
:he system. Ifthe direction cosines of the normal are 1, m, anc
ind ifits length is p, then the coordinates of the intersection of
normal with the plane are (lp,mp, np),and the resulting equa-
(2)lx+ my + nz = p
Kre p is positive, is one of the first degree and represents thet of the equation of a plane (7).
I
A study of the external morphology of crystals rests basically
»n the interrelations of a plane and the point locating a normal
ace pole to tnat plane and drawn through tne origin of the refer-
:e system of axes (Fig. 1). Emphasis is placed upon the idea
t a crystal is a real three-dimensional solid with certain rea
actions and planes suchas edges and crystal faces. These edges
ween adjacent crystal faces as well as the interfacial angles
istitute the linear elements . By referring the linear elements to
ystemof three or four imaginary axes whose origin is at the cen-
of a crystal, scalar and angular values may be applied to them,
is, there are
1. Parameters representing intercepts of a crystal plane at some
unit length or multiple thereof oneach of the reference axes.
30
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2. Axial ratios representing the proportional unit length along
each axis, where the b or a2 crystallographic parameters are
set equal to unity, by convention. Thus, the axial ratio in
the tetragonal system is represented by a(=l):c, whereas in
the orthorhombic system, the ratio is a:b(=l):c.
3. The interaxial angles , c< , /S, and X which must be defined
in terms of angular values , because they are an essential
difference between one crystal system and any other. For
example ,oC =/6=# = go° in the cubic system, whereas c*. *
/$± # 4 90° in the triclinic system.
»:ording to Wolfe (9), "the linear elements of the crystals of mostieral and chemical substances are unique, and, therefore, serve
determinative physical characteristics."
tThe
student is then exposed to the unreal directions used in
study of crystals as aids in defining, by simpler means, the
ingement and location of the linear elements in space. These
the polar elements . Once a unit face is selected for a given
stal, the parameters of any other face may be related to the par-
ameters of the unit face. To determine these parameters, itis nec-
essary to find the relative slopes of the three lines cutting the three
Irs
ofaxial combinations (viz., ab, be, ac, as in the orthorhom-
:, or a a_, a2a«, a.a., as in the cubic, etc.). Such a procedure
tedious and difficult to do inpractice.
The simple and unique answer to this difficulty, as posed to
the student, is suggested by the method in analytic geometry of
locating a plane by means of a normal to that plane. Thus, the stu-
dent can verify that a face normal willprecisely define the orienta-
tion of a crystal plane or face , in terms of the reference axes , i:
the coordinates of that normal are known.
The coordinates in the triaxial systems are known as Miller
indices, whilethose in the tetra-axial systems are known as Bravais
indices. These coordinates are better named, polar coordinates,
and are readily determined by a reciprocal relationship. Expressec
in elementary form, the index (or coordinate of a face normal) is the
reciprocal of the parameter distance (P) of a plane intersecting a
reference axis.
P^"1 (3)
In a triaxial system with reference axes, a, b, and c (e.g., the
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1a tetra-axialsystem withreference axes, a,, a,, a3, and c (e.g.s hexagonal) ,the Bravais indices are
p
_
















general index symbols , {hkl}and (hkilj,represent the general
sition ofpolar coordinates inthe triaxialand tetra-axial systems,
jpectively. In the latter case, the correctness of the symbols,
terms of specific values ,is dependent upon the solid geometry
a plane and its normal (e.g. , 8), satisfying the equation,
h+ k + i= 0 (4)
The student is then admonished about the rationality of index
values, according to Hauy's Law (e.g., 3), frequently referred to
as the Law of Rational Indices. Conjunctively, Stensen's Law
termed the Law of the Constancy of Interfacial Angles , points out
the uniformityand consistency ofangular relations, in terms of crysta
directions for any given mineral or crystalline material .
I
Using several quartz crystals ofvarying habit, the student then
isures sets of corresponding interfacial angles with the Penfiel(
iprotractor and goniometer. The validity of Stensen's Law, thus,
readily established. The student is cautioned that the Penfield
trument must lie in the imaginary plane which includes the face
es of any two adjacent faces, and that the desired interfacia
lie is the supplement of the angle which is measured directly by
instrument .
I
A fundamental concept of crystallography, needing precise def-
Aon and systematic presentation, is that of symmetry. The gen-
1 meaning of symmetry is adequately presented inWebster's Col-
late Dictionary:
Balanced proportions . . ., Correspondence in... rela-
tive position, of parts that are on opposite sides of a di-
viding line or median plane.
Iough
study of the hexahedron or cube, a beginner, with no pre-
us knowledge of crystal symmetry, can acquire a basic under-
nding of the symmetry elements . Very little encouragement is
:essary, even for the mediocre student, and the better students
lerallywillbe able to carry on the study in its entirety in a mat-
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¦ of one or twohours. The procedure for locating the 23 symmetryments of the cube is as follows:
1. Examine the cube and decide how many times itmay be divi-
ded into two equal parts so that one half appears as ifitwere
the mirror reflection of the other half. Tnere are nine such
positions, termed symmetry planes, where this is true.
2. Note that at certain points these planes intersect (e.g.,at
the center of any side of the cube). Holding the cube at two
points opposite one another with the thumb and forefinger,
rotate the cube and note that the same type of face is re-
peated four times in a complete rotation (360°). These two
opposing points mark the emergence of an axis of symmetry
about which the same type of face or group of faces is re-
peated four times. This is a four-fold axis. How many four-
fold axes can you find?
3. Select a point where three planes intersect (e.g.,on any
comer of the cube). Placing the thumb and forefinger on two
opposing corners, make a complete rotation and note that the
same type of face is repeated three times. This is a three-
fold axis of symmetry. How many can you find?
4. Select a point where twoplanes intersect. Make a complete
rotation and note that the same type of face is repeated twice.
This is a two-foldaxis of symmetry . Howmany can you find?
The location and number of these symmetry elements is thus a mat-
ter of discovery. Furthermore, the student is impressed with the
fact that a symmetry plane requires a reflection operation, while a
symmetry axis requires a rotation operation. The meaning of the
remaining symmetry element, that of the center of symmetry, is
readily verifiedinthe perfect'cube by observing corresponding points ,
corners, edges, or faces equidistant from an imaginary point at the
center of the cube. The various operations associated with sym-
metry planes , axes ,and a center are collectively termed the sym-
metry operations .
Subsequent to the study of cube symmetry should follow:
1. Types of symmetry axes, 1, T, 2, 3,7, 4, T, 6, TZ, with the
meaning and application of straight-fold axes versus rotary-
inversion axes .
2. Symmetry axis symbols, e.g., A = straight 3-fold axis,
3-fold rotary-inversion axis.
3. Symmetry plane symbol = m, or P.
4. Symmetry center symbol = c
5. Hermann-Mauguin (HM) symbols, a short-hand method of
writing class symmetry, once the elements of symmetry of a
given class are understood (cf. 5).
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A special problem concerning HM symbols always needs ex-


















A comparison of the symmetry elements of these four classes with
their HM symbols seems to indicate some apparent inconsistency.
Thus, in the hextetrahedral class, there are three 2-fold axes, but
the HM symbol representing these is T, a 4-fold axis of rotary in-
Irsion.
The answertothis and other such apparent inconsistencies
s in an understanding of the function of an even- versus ah odd-
d axis of rotary inversion, and crystallographic convention. Two
es clearly portray the symmetry operations of rotary inversion
3S (9); namely, that
1. An even fold rotary inversion axis produces the same number
of faces as the numerical order of the axis.
2. An odd foldrotary inversion axis produces twice the number
of faces as the numerical order of the axis.
Kin
the general form of the class, 4 3 m, there are six {hkl] faces
uped about one end of each 3-fold axis. The symmetry operation
:he S4 about each of the three crystallographic axes in the cubic
tern (i.e. ,a^, a2, 83) requires that
S4 * n (hkl] = K
4 . 6 {hkl]= 24K
where K is the symmetry constant (total maximum permissible faces
for a given form in the (hkl}position and for a given class) . Ifeach
of the three 2-fold axes are regarded as A"4, then all24 faces of the
hextetrahedron may be produced about each axis inone symmetry
operation ratherthan by straight rotation about the three 2-fold axes.
This is crystallographic convention. According to Hurlbut(5),
".. •
rotary inversion has been adopted by international agreement," and
should therefore be given preference over straight rotation. Its aim
is to minimize the symmetry operations required to produce a given
KThe concept
of zones is notably difficult for the beginning stu-
to grasp. The progression from a simple crystal face, for ex-
e, to the final zone axis requires three-dimensional visualiza-
34
Journal of the Arkansas Academy of Science, Vol. 14 [1960], Art. 8
http://scholarworks.uark.edu/jaas/vol14/iss1/8
35
METHOD OF TEACHING BASIC CKTSTALLOGRAPHY
Figure 1. Diagrammatic procedure for establishing the
symmetry elements and form positions from a wooden crys-
tal model of corundum, class 3 2/m. Three forms are il-
lustrated: basal pinacoid, hexagonal prism, and hexag-
onal dipyramid . By means of the stereographic projection,
the plots of face poles are visually approximated by the
student .
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tion. Briefly,ifan imaginary plane be constructed through a crysta
so as to include two or more face normals, itbecomes a zone plane
It, in turn, is defined by a zone axis or normal. Thus, the faces
(100) (101) (001) (101) (TOO) (TOT) (OOl) (lOl) have their face nor-
mals lying in a plane normal to the "b" crystal axis (e.g., as in the
monoclinic system). This is the zone axis, frlOl . With some prac-
tice, most students can picture these relationships in their minds
reproduce them on paper, and correctly interpret them from a crystal
For purposes of integrating basic crystallographic concepts , th
stereographic projection is introduced . Symmetry relations and zone
E
readily detected by means ofthis projection. Emphasis is place
n the fact that the position of any face pole is determined by it
(^) and rho (y°) angles ,and that the distance (d) from the pro
Ion center to any pole position is
d = r • tan /J/2 (r = projection radius ) (5)
tThe last and perhaps the most important fundamental concept ins systematic coverage of geometrical crystallography is the Law
of Symmetry. This law forms the background for use of the term,
point-group symmetry, and states that
K = F2 (6)
where K is the symmetry constant of a given class, F the number o
faces of a specific form, and 2 the symmetry complement or the sum
of the number and order of symmetry elements meeting at a certai
point. Thus, in the cubic normal class, two planes intersect a
(011) and produce a 2-fold axis; £ is, therefore, 4. Since K is 4
in this class ,
F = 48/4 = 12
(011) represents a 12-face form, the dodecahedron.
CONCLUSIONS
I
The disciplines implicit in the study of basic crystallography,
outlined herein, require constant application of the three-dimen-
inal thinking process on the part of the student. Ina restricted
nse,this process and the concepts involved are largely academic,
t in a broad and practical sense, they are useful in establishing
tntalpictures of solid figures. With the attitudes and training thus
quired, the good student reduces his later troubles to a minimum,
such geological subjects as structural geology, structural crys-
lography, structural petrology, and in allied sciences such as
36
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chemistry and physics. Further, he tends to view matter, ingeneral,
in terms of its true attribute, that of space. To study aspects of
crystalline substances, for example, without an understanding of
their natural geometry, is necessarily an incomplete picture. When
considered in this perspective, basic crystallography receives its
proper meaning in the realm of scientific knowledge.
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